A Van Kampen type theorem for coincidences  by Borsari, L.D. & Gonçalves, D.L.
Topology and its Applications 101 (2000) 149–160
A Van Kampen type theorem for coincidences
L.D. Borsari 1, D.L. Gonçalves ∗
Departamento de Matemática, Instituto de Matemática e Estatistica, Universidade de São Paulo,
Caixa Postal 66.281, Ag. Cidade de São Paulo, 05389-970 São Paulo, SP, Brazil
Received 18 December 1997; received in revised form 17 April 1998, 3 June 1998
Abstract
The Nielsen coincidence theory is well understood for a pair of maps (f, g) :Mn→ Nn where
M and N are compact manifolds of the same dimension greater than two. We consider coincidence
theory of a pair (f, g) :K→Nn, where the complex K is the union of two compact manifolds of the
same dimension as Nn. We define a number N(f,g :K1,K2) which is a homotopy invariant with
respect to the maps. This number is certainly a lower bound for the number of coincidence points, and
we prove a minimizing theorem with respect to this number. Finally, we consider the case where the
target is a Jiang space and we obtain a nicer description of N(f,g :K1,K2) in terms of the Nielsen
coincidence numbers of the maps restricted to the subspaces K1, K2. Ó 2000 Elsevier Science B.V.
All rights reserved.
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1. Introduction
Let K = K1 ∪ K2 be a finite complex where K1 and K2 are subcomplexes and
triangulable closed manifolds of dimension n. Let f,g :K1 ∪K2→ Nn be maps, where
Nn is a n-dimensional manifold. The purpose of this work is to develop an algebraic way
of estimating the minimum number of coincidences in the homotopy class of f and g,
µ(f,g), by means of the familiar invariants associated with (fi, gi), where fi and gi are
the restrictions of f and g to Ki , respectively. We define some Nielsen type number, for
the pair (f, g), which in many situations is equal to µ(f,g). This number is not invariant
on the homotopy type of K1 ∪ K2 as one can see in [3, Section 4]. The main result is
Theorem 3.7, and an application is given when the target space Nn is a Jiang space.
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The work is divided into three sections. In Section 2 we determine a Nielsen type relation
on Coin(f, g) (Definition 2.1), which is used to define a Nielsen type number. Then we
also define a relation on the R(f1, g1) ∪ R(f2, g2), where R( , ) stands for the set of
Reidemeister classes. In Section 3 we show when two related coincidence points coalesce
to a point in the intersection. This is the Fundamental Lemma 3.6. Then, we prove our main
result, Theorem 3.7. Finally, in Section 4, we consider the case where Nn is a Jiang space,
and we prove Theorem 4.1, which calculates µ(f,g) in terms of the Nielsen numbers of
(fi, gi), where i = 1,2.
In 1993, Schirmer [7] has studied the fixed point of a selfmap of a triad f : (X,A1,A2)→
(X,A1,A2) and has defined a Nielsen type number denoted by N(f ;A1 ∪ A2). Very re-
cently, Wong [9] has generalized Schirmer’s results for partially ordered sets instead of
triads, where he develops a Nielsen type theory for a preserving map on a partially ordered
set. Nielsen theory for equivariant maps has certainly given motivation for such generaliza-
tion. Even though these works do obtain some kind of Van Kampen theorems, their results
can not be obtained as a particular case of our present work and vice versa. The fundamen-
tal difference relies on the fact that in [7] the usual Nielsen number is computed from the
Nielsen numbers of the functions given by the triad. Here, we define a Nielsen type number
(which does not coincide with the usual Nielsen coincidence number) which is suitable for
the purpose of the minimizing problem. So in terms of results there is basically no overlap
between the two works.
In a work by Gonca¸lves [3] the author studies coincidence theory for functions from a
finite complex to a manifold. In that context it would be useful to obtain µ(f,g) in terms
of µ(fi, gi), where (fi , gi) are the restrictions of (f, g) to some suitable subcomplexes.
Our work deals with this problem in the case the complex is a union of two manifolds.
2. Reidemeister classes and some Nielsen type relation
GivenK =K1 ∪K2 and f,g :K→Nn a pair of maps, we will consider the restrictions
f1, g1 :K1→ Nn of f , g to K1 and f2, g2 :K2→ Nn of f , g to K2. We consider over
Coin(f1, g1) and Coin(f2, g2) the usual Nielsen relation, and we get the Nielsen classes
N1 = {F1,F2, . . . ,Fr1} and N2 = {F ′1,F ′2, . . . ,F ′r2}, respectively.
Definition 2.1. We say that Fi is related to F ′j if there exists a path λ with the following
properties:
(a) λ(0) ∈ Fi , λ(1) ∈ F ′j ;
(b) there exists 0< t0 < 1 where λ[0, t0] ⊂K1, λ[t0,1] ⊂K2; and
(c) f (λ)' g(λ) rel endpoints.
The above relation is not an equivalence relation.
We take the disjoint union of the two setsN1∪N2 and we consider the family of subsets
S of two types: either S is singleton or S contains two elements which are related according
to the above relation.
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Definition 2.2. A proper covering ofN1 ∪N2, is a disjoint covering by subsets of type S .
Definition 2.3. The proper lower number of the covering of N1 ∪N2 is the minimum of
the cardinality of all proper coverings.
In order to analyst the Reidemeister classes we will assume thatK1∩K2∩Coin(f, g) 6=
∅. Recall that for f,g : (X,x0)→ (Y, y0), where x0 ∈ Coin(f, g) we define an equivalence
relation on pi1(Y, y0):
θ1, θ2 are equivalent if there exists γ ∈ pi1(X,x0) so that θ1 = g(γ ) · θ2 · f (γ )−1.
We denote R(f,g) the set of equivalence classes and we consider R(f1, g1) and
R(f2, g2) with respect to a base point y0 = f (x0) = g(x0) where x0 ∈ K1 ∩ K2 and is
a coincidence point.
Definition 2.4. We say that α is related to β for α ∈ R(f1, g1), β ∈ R(f2, g2) if
α ∩ β 6= ∅.
This is not an equivalence relation; call S(R) the set consisting of all singleton
Reidemeister classes, and the pairs of classes related as described above.
Definition 2.5. A proper covering of R(f1, g1) ∪ R(f2, g2), is a disjoint covering by
subsets of type S(R).
Definition 2.6. The proper Reidemeister number R(f, g;K1,K2) is the minimum of the
cardinality of all proper coverings.
Finally, we will define the index of a class under the relation ', as in Definition 2.1. For
a class Fi ∪ F ′j , define
I (f, g;Fi ∪ F ′j )=
(
I (f1, g1;Fi), I (f2, g2;F ′j )
)
,
where I is defined as in [8] or [4]. Now, we can define the number which plays the same
role as the Nielsen number in the fixed point case.
Definition 2.7. For each proper covering as in Definition 2.2, consider the number of
subsets of index different from zero. LetN(f,g;K1,K2) be the minimum of such numbers
among all proper coverings.
For the next result we will assume K1 ∩K2 can be by-passed in K1 and in K2.
Proposition 2.8. The Nielsen type numberN(f,g;K1,K2) depends only on the homotopy
class of the pair (f, g). Therefore it is a homotopy invariant.
Proof. Let f , g be homotopic to f ′, g′, by means of the homotopies H and G,
respectively. Consider two Nielsen classes Fi , F ′j of (f1, g1), (f2, g2), respectively, which
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are related as in Definition 2.1. Let Ci be the Nielsen coincidence class of (f ′1, g′1) H -
related with Fi and C′j the Nielsen coincidence class of (f ′2, g′2) G-related with F ′j . In
order to prove the homotopy invariance it suffices to show that the classes Ci and C′j are
related. To see this, let λ be the path defining the relation between Fi and F ′j given in
Definition 2.1. Pick one element x ′1 ∈ Ci and let α1 be a path given by the fact that Fi is
H -related to Ci . Similarly, for the classes F ′j and C′j , we consider x ′2 ∈ C′j and a path α2.
Consider the composition α1 ∗ λ ∗ α−12 = β . Now the straightforward computation shows:
f ′(β)∼ f ′1(α1)−1 ∗ f ′(λ) ∗ f ′2(α2)
∼ 〈H,α−11 〉 ∗H(x1, I ) ∗H(x1, I )−1 ∗ f (λ) ∗H(x2, I ) ∗H(x2, I )−1 ∗ 〈H,α−12 〉
∼ 〈G,α−11 〉 ∗G(x1, I ) ∗G(x1, I )−1 ∗ g(λ) ∗G(x2, I ) ∗G(x2, I )−1 ∗ 〈G,α−12 〉
∼ g′1(α1)−1 ∗ g′(λ) ∗ g′2(α2)∼ g′(β).
Here, 〈H,α〉 is the path given by 〈H,α〉(t)=H(α(t), t). In order to show that β satisfies
the conditions of Definition 2.1 it is enough to choose the path αi such that αi(0,1) ⊂
Ki −K0. This is always possible because we have the by-passing condition, and the result
follows. 2
Finally let us compare the two relations. Let Fi , F ′j be two related Nielsen classes
(as in Definition 2.1) and x0 be a coincidence base point lying in the same connected
component of K1 ∩ K2 which contains λ(t0). Denote by α, β the Reidemeister classes
which corresponds to the Nielsen classes Fi , F ′j , respectively.
Proposition 2.9. Two Nielsen classes Fi , F ′j are related if and only if the corresponding
Reidemeister classes α, β are also related.
Proof. The proof is straightforward. 2
3. Minimizing problem
In this section we are concerned with the question of comparing N(f,g;K1,K2) with
µ(f,g).
The strategy to minimize the number of coincidences is, first, to make f and g
coincidence-finite and then unite the points which are equivalent under the relation given
by Definition 2.1.
We will assume that K1 ∩K2 can be by-passed in Ki , where i = 1,2, otherwise we will
encounter an extra difficulty as we show in the example at the end of this section. We will
denote K0 =K1 ∩K2.
In order to unite related points (as in Definition 2.1) in K , we will be applying the
techniques developed in [6]. We reproduce now some of the results of that work.
We will denote by ρ the barycentric metric of some triangulation of Nn. We cover Nn
by coordinate neighborhoods homeomorphic to Bn1 (0)= {x ∈ Rn | ‖x‖6 1} and consider
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V ′1, . . . , V ′r a finite covering of Nn; V ′i contained in some coordinate neighborhood Vi , as
above and such that V ′i corresponds to Bn1/2(0) via the homeomorphism ϕi :V i→ Bn1 (0).
We let τ > 0 be the Lebesgue number associated to the finite covering {V ′i }. In [6], a
sequence 0 < ε0 6 ε1 6 · · · 6 εn+1 = 14τ , is constructed and the following results are
proved:
Let Mn, Nn be compact triangulable manifolds.
Lemma 3.1. For g :Mn→Nn and L a triangulation of Mn such that
(1) the diameter of g(σn), d(g(σn)), is less than 14τ , for every σn ∈ L.
For f defined in ∂σd , 0< d < n, so that
(2) f (x) 6= g(x), and
(3d−1) ρ(f (x), g(x)) < εd−1,
then there exists a continuous extension of f to σd , satisfying (2) and (3d ).
Lemma 3.2. If in the preceding lemma, d is n, then we can find a continuous extension of
f to σn satisfying (3n) and having exactly one coincidence in σn.
Remark 3.1. We just want to observe that this extension is done in Rn, since d(g(σn)) <
τ , and is obtained in the following way: Let p ∈ σn and x = tx0 + (1 − t)p, for some
x0 ∈ ∂σn, then f (x) = g(x) + t (g(x0) − f (x0)). Thus p is the unique coincidence in
τ . In case x0 happens to be a coincidence, the whole segment [p,x0] would become a
coincidence set.
Remark 3.2. Let σn and τn be two n-simplices having a common (n− 1)-face. As done
in [6], we are able to extend f |∂(σn∪τn) to a map f ′ having no coincidence with g in σn and
having only one coincidence in τn. In case we have some coincidences in a (n− 1)-face
of τn, which is not the common face with σn, the preceding remark also applies to the
simplex τn.
Lemma 3.3. Given the manifold Nn, there exists a number α > 0, so that given maps
f,g :Mn→Nn with ρ(f (x), g(x)) < α, f will be homotopic to g.
Therefore, in order to make the extensions, obtained by applying Lemmas 3.1 and 3.2,
homotopic to g, it suffices to choose τ with 12τ < α.
Lemma 3.4. Assume dimNn > 3. Let f,g :K→Nn and let λ be a path from p to q with
p, q ∈ Coin(f, g), such that f (λ)' g(λ). Then there exist homotopies F , G : I × I →Nn,
satisfying:
F(t,0)= f (λ(t)), G(t,0)= g(λ(t)), ∀t ∈ I ;
F(t,1)=G(t,1), ∀t ∈ I ;
F(0, s)=G(0, s)= f (p)= g(p), ∀s ∈ I ;
F(1, s)=G(1, s)= f (q)= g(q), ∀s ∈ I ;
F(t, s) 6=G(t, s), ∀0< t < 1, 0< s < 1.
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Even though in [6] this result is proved in the context whereK is a triangulable manifold,
it uses only the fact that Nn, the target space, is a manifold. So, we stated it in the more
general context, where K is a finite complex.
Returning to our context where K = K1 ∪ K2, K1, K2 triangulable manifolds of
dimension n, we need two preliminary results in order to prove the minimizing theorem.
Proposition 3.5. Given f,g :K→Nn, there exists f ′, g′ :K→Nn such that:
(a) f ′ ' f , g′ ' g;
(b) Coin(f ′, g′) is a finite set;
(c) all coincidences of (f ′, g′) lie in maximal simplices of K −K0.
Proof. For every connected component of K0 of dimension less than n, by a straightfor-
ward application of Lemmas 3.1 and 3.2, we may assume that (f0, g0) are coincidence
free in these components. Let K ′0 be a n-dimensional component of K0. Then, in case
it is a submanifold, necessarily with boundary, we also know that (f0, g0) can be made
coincidence free, since K ′0 has the same homotopy type of a (n− 1)-simplicial complex.
Using Proposition 2.7 and Proposition 2.10 of [3], we conclude that the same holds for a
general subcomplexK ′0. Hence, for any K0, we may assume that f and g have no coinci-
dence in K0. Now using Satz IIa in [6] (for A the closure of K −K0, which is certainly
n-homogeneous), we obtain the result. 2
Fundamental Lemma 3.6. Let f,g :K → Nn be as in Proposition 3.5, and let p,q ∈
Coin(f, g), p ∈K1, q ∈K2 be related as in Definition 2.1. Then there exists a path λ and
a neighborhood U(λ) of λ(I) and maps f ′, g′ :K→Nn such that
(a) f ′ ' f , g′ ' g;
(b) f ′ = f , g′ = g in K −U(λ);
(c) Coin(f ′, g′)∩U(λ) is a single point which belongs to K0.
Proof. Consider λ a path that relates p to q . Since K0 can be by-passed in K1 and in
K2, and K1 and K2 are manifolds, we may assume that there exists t0 ∈ I so that λ(t0) ∈
K0, λ([0, t0))⊂K1 −K0 and λ(t0,1] ⊂K2 −K0. Set λ1 = λ|[0,t0] and λ2 = λ|[t0,1]. We
may also assume that λ1 and λ2 are normal PL-arcs in K1 and K2, respectively. Consider
a neighborhood U(λ) of λ(I) in K such that
(1) U(λ)∩Coin(f, g)= {p,q};
(2) forU1(λ)=U(λ)∩K1 and U2(λ)=U(λ)∩K2 there are homeomorphisms ϕ1, i =
1,2, from Ui(λ) to an ε-neighborhood of U(Ii , ε), of a line segment Ii ⊂ Rn, with
ϕi(λi)= Ii , in such a way that ϕ1 and ϕ2 coincide in U1(λ)∩U2(λ); see Fig. 1.
All the ideas we will use come from Schirmer’s work in [6].
For each z ∈ ∂U(λ) we may associate, in a continuous way, a unique point z′ over
λ(I) such that ρ′(z, z′) is minimum; here ρ′ indicates the barycentric metric in K . Under
the identification of Ui(λ) with U(Ii , ε), we may identify each point in Ui(λ) with
θ(z, s)= (1−s)ϕi(z′)+sϕi(z), 06 s 6 1 and i = 1,2. For x ∈ λ(I), we write x = θ(z,0),
for some z ∈ ∂U(λ). Define s(x) ∈ I such that x = θ(z,0)= λ(s(x)).
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Fig. 1.
Consider U1/2(λ), the set of points θ(z, s), 06 s 6 12 . Define
f ′1(x)=
F(s(x),1− 2s), for x = θ(z, s) ∈ U1/2(λ),f (θ(z,2s − 1)), for x = θ(z, s) ∈ U(λ)−U1/2(λ),
f (x), for x ∈K −U(λ),
and
g′1(x)=
G(s(x),1− 2s), for x = θ(z, s) ∈U1/2(λ),g(θ(z,2s − 1)), for x = θ(z, s) ∈U(λ)−U1/2(λ),
g(x), for x ∈K −U(λ),
where F and G are given in Lemma 3.4.
Observe that f ′1 and g′1 agree on points of λ(I). Now, just as in [6], we can prove
that f ′1 ' f , g′1 ' g and we can find a connected subset U ⊂ U(λ), such that f ′1 6= g′1
in U(λ)− U and ρ(f ′1(x), g′1(x)) < ε0, ∀x ∈ U .
Observe that the coincidence set of f ′1 and g′1 consists of the whole path λ(I) as well
as the homeomorphic pre-images by ϕ1 and ϕ2 of “half” balls of radius 12 around ϕ1(p)
in K1 and ϕ2(q) in K2. Consider B a connected subset of U , containing all coincidences
of f ′1 and g′1 in U(λ), such that the distance between B and X − U is ν > 0. Take Kν a
retriangulation of K so that the diameter of every simplex in Kν is less than ν. Finally, let
A be the set of all closed n-simplices of Kν with at least one point in common with B (see
Fig. 2).
Observe that A is a connected subcomplex of Kν , A ⊂ U , ∂A ⊂ U , ∂A ∩ B = ∅ and
0 < ρ(f ′1(x), g′1(x)) < ε0, ∀x ∈ ∂A. Also A ∩K1 and A ∩K2 are homogeneous. Define
f ′ = f ′1 in X−A and g′ = g′1 in X.
To extend f ′ to A we do the following:
Let σ? be the simplex in K which contains a = λ(t0) in its interior. The procedure that
will be indicated will exclude the simplex σ?. Observe that σ? ∩Coin(f ′1, g′1)= {a}.
In U(λ)∩K1, let U1 be the subset corresponding to the pre-image of ϕ1 of the half ball
of radius 12ε around ϕ1(a) in U(I1, ε).
156 L.D. Borsari, D.L. Gonçalves / Topology and its Applications 101 (2000) 149–160
Fig. 2.
Call U2 the corresponding subset in U(λ) ∩K2. Observe that U1 and U2 may coincide
in case dimK0 = n.
Retriangulating A, if necessary, we may assume that, except for a, no other coincidence
point of f ′1, g′1 lies in a simplex of A which meets the interior of neither U1 nor U2.
On the simplices of A, excluding σ?, which intercept the interior of U1, define f ′ just
the way f ′1 was defined. Do the same for U2.
Let τ1 and τ2 be n-simplices, τ1 ∈K1, τ2 ∈ K2 so that σ? is a common face of τ1 and
τ2, and τi ∩ intUi = ∅, for i = 1,2.
To every vertex of A, except for those in σ?, where f ′ is not yet defined, define it so that
ρ(f ′(x), g′(x)) < ε0. If the vertex was not a coincidence of f ′1 and g′1, define f ′ just as f ′1.
Then, applying Lemma 3.1, we extend f ′ to all simplices of dimension at most (n− 2),
where f ′ is not yet defined, except for those in σ?, in a way that f ′ and g′ have no
coincidences.
Now, the n-simplices of A ∩ K1, where f ′ is not yet defined may be ordered
τn1 , τ
n
2 , . . . , τ
n
r = τ1 in K1 so that each τni with i < r has a (n − 1)-face, τn−1i , which
is also a face of some τnj , with j > i . In τ
n
1 , from Lemma 3.1, we may extend f
′ over all
(n− 1)-simplices of ∂τn1 − τn−11 , where f ′ is not yet defined.
Extend now f ′ to τn1 as in Remark 3.2 so that no coincidence points are created in τ
n
1 .
Proceed with this construction up to τnr = τ1, and extend f ′ to τ1, so that a whole segment
[p,a] ∈ τ1 is a coincidence set.
Apply the same procedure to A ∩ K2, considering the f ′ already defined over the
simplices of A∩K0.
We will end up with f ′ defined everywhere in A except for the n-simplices τ1 inK1 and
τ2 in K2 having σ? as a common face.
Applying now Remark 3.1, we extend f ′ so that Coin(f ′, g′) consists of the union of
two line segments [p′, a] in τ1 and [a, q ′] in τ2.
We now do the last step:





f ′(x), x /∈W1,
(1− tx)f ′(bx)+ txf ′(a), x ∈W1,
where x = (1− tx)bx + txa ∈ τ1, and W1 is a convex set contained in τ1, except for a, and
containing [p′, a] (see Fig. 3).
Do the same for f ′ over τ2 and for g′ over τ1 and τ2.
We, therefore, end up with f ′′ and g′′ with only a = λ(t0) ∈ K0 as a coincidence in
U(λ). 2
Now we are ready to prove the main result. Namely,
Theorem 3.7. Let f,g :K1∪K2→Nn, whereK0 =K1∩K2 can be by-passed inK1 and
in K2, and all components of K0 have dimension different from zero. Then, we can deform
f to f ′ and g to g′ such that # Coin(f ′, g′) is given by N(f,g :K1,K2).
Proof. We may assume that f and g are in the conditions of Proposition 3.5. Consider the
covering of Coin(f, g) which has minimal number of sets as in the Definition 2.5. Since
K0 can be by-passed in Ki , we may apply the techniques in [6] to remove all inessential
classes in Ki . By the Fundamental Lemma 3.6, we may unite every two related points,
obtaining at the end the desired result. 2
Remark 3.3. In case some of the components of K1 ∩K2 are points, we do not expect
that N(f,g;K1,K2) is realized as µ(f,g). The reason is that in case two pairs of related
classes for which the paths associated with the relation goes through the same one point
component, we cannot coalesce both pairs. This suggests which modifications should be
made to the number N(f,g;K1,K2) to obtain a minimum in case some components of
K1∩K2 have dimension zero. More specifically for a proper covering ofN1∪N2 consider
the number of related pairs of index non zero and add to it
∑
(li − 1), where li is the
number of related pairs whose associated path goes through the one point component. Let
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N0(f, g;K1,K2) be the minimum of such numbers among all proper coverings. It is clear
now that the Theorem 3.7 will be true without the dimension hypothesis on the component
of K1 ∩K2, replacing N(f,g;K1,K2) by N0(f, g;K1,K2).
Remark 3.4. It is possible to obtain the minimizing results by deforming only one of the
functions. This is done in the work by Brooks, in [1,2].
According to Definition 2.4 we must have a coincidence point inK0 in order to consider
Reidemeister classes. The next proposition tell us that this is always possible up to
homotopy.
Proposition 3.8. Given f,g :K→N , and Coin(f, g) 6= ∅ there exists f ′ ' f and g′ ' g
such that Coin(f ′, g′)∩K0 6= ∅.
Proof. Let x1 ∈ Coin(f, g) and x0 ∈K0. We may assume, without loss of generality, that
x1 ∈ K1 −K0. Let λ : I → K1 be a path connecting x1 to x0, so that λ(I) has a tubular
closed neighborhood in K1, U(λ), homeomorphic to the n-dimensional disk D in Rn+1.
Let ϕt :D→D be a homotopy relative to ∂D, such that ϕ0 = idD , ϕ1(x0)= x1.
Now, let f ′1, g′1 :K1→ N be f ′1 = f ◦ ϕ1 and g′1 = g ◦ ϕ1. Then x0 ∈ Coin(f ′1, g′1) and
f ′1 ' f1 and g′1 ' g1. Let K ′0 =U(λ) ∩K0.
Let F,G :K0× I→N be homotopies such that
F(x, t)=
{
f ◦ ϕt(x), x ∈K ′0,




g ◦ ϕt(x), x ∈K ′0,
g(x), x ∈K0 −K ′0.
Since K0 has the HEP in K2, we may extend F and G to K2 × I . Then on the top of
these homotopies we will have f ′2, g′2 :K2→ Nn, f ′2|K0 = f ′1 and g′2|K0 = g′1. Hence, we
have obtained f ′, g′ :K→N , f ′ ' f , g′ ' g and x0 ∈ Coin(f ′, g′)∩K0. 2
Remark 3.5. Observe that, with a little more work, we could actually prove that we can
obtain f ′, g′ :K → Nn, f ′ ' f , g′ ' g and Coin(f ′, g′) = (Coin(f, g) − {x1}) ∪ {x0}.
For this we must assume that Coin(f, g) 6= ∅ and it is a finite set. Consider the family
ϕt :D→D of homeomorphisms of the disk D such that ϕt(x0)= x1 only if t = 1. Take a
retraction r :K2 × I → K2 × 0 ∪ (K ′0 ∪ (K2 − VK2))× I . There is a retraction such that
r−1(x0 × 1)= x0× 1. So composition with r gives us the result.
Example 3.6. When K1 ∩K2 cannot be by-passed in Ki , our invariants are not sufficient
to estimate µ(f,g). For this consider the following example: let K = Sn ∪ Sn where
Sn ∩ Sn = Sn−1 is the equator. Take Nn = Sn, and g the constant map at the north pole.
The map f is defined as follows: f2, the map f restricted to the second sphere, is the
constant map at the south pole; f1, the map f restricted to the first sphere, is the composite
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Fig. 4.
of the function which collapses the equator to a point, with the map which has degree 1 on
the top sphere and degree −1 on the bottom sphere. Fig. 4 illustrates f1. Since the degree
of fi for i = 1,2 is zero, we have that (fi, gi) can be made coincidence free for i = 1,2.
Using obstruction theory one can show that (f, g) cannot be deformed to coincidence free.
4. Applications to Jiang spaces
Let Nn be a Jiang space. As before, we will assume that K1 ∩K2 can be by-passed in
Ki . Then, we have
Theorem 4.1. If K0 has one component of dimension greater than zero, then
µ(f,g)=max{N(f1, g1),N(f2, g2)}.







independent of Nn being a Jiang space. By Theorem 3.7, the result follows. So, we may
assume that N(f1, g1) and N(f2, g2) are different from zero. Since Nn is a Jiang space,
this implies that #R(fi , gi) <∞, i = 1,2, and without loss of generality, let us assume
that #R(f1, g1) 6 #R(f2, g2). It suffices to show that one can construct an injection
R(f1, g1) i→R(f2, g2) such that α ∩ i(α) 6= ∅.
Call
Hi = (fi# − gi#)
(
pi1(Ki)
)⊂ pi1(Nn) for i = 1,2
and let H =H1 ·H2 (recall that pi1(Nn) is abelian). Given any two elements α,β ∈H , we
have
(a) [α]1 ⊂H , [β]2 ⊂H , and
(b) [α]1 ∩ [β]2 6= ∅.
The notation [ ]i means that the Reidemeister class is to be viewed with respect to
(fi, gi). Part (a) is clear. To see part (b), let α = α1 · α2, αi ∈ Hi , β = β1 · β2, βi ∈ Hi .
Let θ1 = α−11 β1 ∈H1, θ2 = β−12 α2 ∈H2. So α · θ1 = β · θ2 and (b) follows. Consequently,
we can find an injection of the Reidemeister classes R(f1, g1) which intercept H into
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those of R(f2, g2) which intercept H . Finally, given a set of representatives h1, . . . , hr of
the quotient pi1(Nn)/H , we consider for each hj the Reidemeister classes which intercept
hjH . Similarly, any Reidemeister class of R(fi , gi) which intersect hjH is, in fact,
contained in hjH . Also, any two such Reidemeister classes intersect each other. Therefore,
we can inject these classes Rj (f1, g1) into Rj (f2, g2). We do this for all j = 1, . . . , r and
the result follows. 2
Remark 4.1. If all connected components of K0 have dimension zero, then certainly
µ(f,g) > max{N(f1, g1),N(f2, g2),N(f1, g1)+ N(f2, g2)− l}, where l is the number
of connected components of K0. It is not hard to see that in fact we have equality, i.e.,
µ(f,g)=max{N(f1, g1),N(f2, g2),N(f1, g1)+N(f2, g2)− l}.
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